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Bianchi class-A models and Reissner-Nordstrom (RN) black hole scenarios are considered from the point of view 
of quantum N=2 Supergravity. It is shown that the presence of Maxwell fields in the supersymmetry constraints 
implies a non-conservation of the fermion number present in Bianchi class-A models. This effect corresponds to 
a mixing between different (Lorentz invariant) fermionic sectors in the wave function of the Universe. Quantum 
states are constituted by exponentials of N=2 supersymmetric Chern-Simons functionals. With respect to the RN 
case, we analyse some problems and features present in a reduced model with supersymmetry. Lines of subsequent 
research work are then provided. 


1. Introduction 

N = 2 supergravity [||-|| realises Einstein’s 
dream of unifying gravity with electromagnetism. 
The theory contains 2 real (1 complex) gravitino 
besides the gravitational (tetrad) and Maxwell 
fields. It was in this theory that finite probabil¬ 
ities for loop diagrams with gravitons were first 
obtained. In particular, the photon-photon scat¬ 
tering process which is divergent in a Einstein- 
Maxwell theory, was shown to be finite when 
N = 2 supergravity was considered (cf. and 
references therein, [Q). 

Another important property is the fact that 
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N=2 supergravity has more symmetries |Qj which 
rotate fermionic fields into themselves via 0(2) 
transformations. Gauging the 0(2) symmetry 
we get a set of coupling constants. The pres¬ 
ence of these local symmetries proved to be cru¬ 
cial in accomplishing the finite results present in 
1^ . Hence, the additional symmetries and elegant 
coupling between several physical variables exist¬ 
ing in TV = 2 supergravity convey indeed to an 
attractive scenario to investigate. 

In this work we will consider the theory of 
d = A, N = 2 supergravity from an ADM met¬ 
ric representation point of view. We will anal¬ 
yse Bianchi class-A models [0^ and Reissner- 
Nordstrom (RN) black holes Iq]. In section 2 we 
address the canonical formulation for the case of 
Bianchi class A models , while an outlook on 
the RN case is included in section 3. This paper is 
then concluded in section 4 with our conclusions 
and a discussion on subsequent lines of research. 

2. Bianchi Models in = 2 Supergravity 


[This section is based on joint work 
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with A.D.Y.Cheng i-i]] 


The action for the N=2 supergravity theory 
(with a 0 ( 2 ) global symmetry) can be written 
as 01 
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and Ffii, equals e^^pcF^'’. In the metric repre¬ 
sentation, the independent variables are taken to 
be the tetrad components e“, where a = 1,..,4 
are Lorentz indices and /i = 0, ..,3 are Einstein 
indices, the gravitinos and their Hermitian 
conjugate (here depicted in 4-component repre¬ 
sentation; (a) = 1,2 are 0 ( 2 ) group indices) and 
Ap is a Maxwell field, k is the gravitational con¬ 
stant, oj is the connection, 7 ^ are Dirac matrices 
and 75 = 7 o 7 i 7273 - Furthermore, = l,e^^ = 
- 1 . 

En route to the canonical quantization of 
Bianchi class A models, we require the follow¬ 
ing two steps to be complied [^|-Q. On the one 
hand, we ought to re-write the action ( 1 ) in 2 - 
component spinor notation. We do so using the 
conventions in [Q. On the other hand, we impose 
a consistent Bianchi Anzatse for all fields. 

The supersymmetry constraints take the form 
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where p\a' momentum conjugate to the 

tetrad, tt* is the momentum associated with the 
Maxweel field. Notice that the contribution from 
the Maxwell field changes according to the chosen 


Bianchi type due to the dependence of Fjk on the 
structure constants of the Bianchi group. 

Choosing as the coordinates 

variables in our minisuperspace, our canonical re¬ 
lations will be 
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and consequently, we obtain the quantum super- 
symmetry constraints 
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with is the Hermitian conjugate, T^^ = 

T^^ = 1 , the remaining are zero and 


= -2ih-^e^f e^BB'U^ 


( 11 ) 


The factor ordering of the supersymmetry con¬ 
straints has been chosen such that they give the 
correct left and right superysmmetry transforma¬ 
tions. 

We now address the physical states which are 
solutions of the above constraints. The quan¬ 
tum states may be described by the wave func¬ 
tion "^{eAA'ij Ajjil)^^^). Lorentz invariance im¬ 
plies that the wave function ought to be expanded 
in even powers of tpA^ symbolically represented 
by V’°) up to 
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An important consequence is that neither of 
the supersymmetry constraints and 5”^“^ con¬ 
serves fermion number and hence causes a mix¬ 
ing between fermionic modes in dt. This is due 
to terms involving g|- and ^he 

ones associated with Fjk- In fact, while the re¬ 
maining fermionic terms in by acting on dt 
effectively increase the fermionic order by a factor 
of one, g^fb)c decrease it by the same amount. 

Concerning the constraint, the situation is 
precisely the reverse. 

The nature of this problem can also be better 
understood as follows. Let us consider the two 
fermion level whose more general Ansatz for the 
wave function is 

{Uijkab 


where Cijab — ^(ij){ah)i ^ijab — ^[ij][ab]: Uijkab — 
^i{jk)[ab] and Vijkah ^i[jk]{ab) • Take S 11 / 0 , 


5'^“^d/ = 0 , where T is truncated in the second 
order of the fermionic Lorentz invariant sector, 
i.e., d/ = 'I'o + ^ 2 , with '^2 given as above. We 
obtain a set of equations where the ones linear 
in the fermionic variables relate terms such as 

T-r-riTl-v ^^ijab dEijab dUijkab d^ijkab 
dAi ’ dAi ’ dAi ’ dAi 
H A onri ^^ijab 9Eijab ^Uijkab d^ijkab 


S\/) and 
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(from 

with 


(from Here ai,i = 1,2,3, stand for 

scale factors in a Bianchi class-A model, d/o is 
the bottom (bosonic) sector (in the expansion 
of d/ into Lorentz invariant fermionic sectors) 
and II /05 ^ijabi ^ijaht Uijj^ab'i ^ijkab are functions of 
Aj , Ui solely. 

As we can conclude, the spin -1 field terms in 
the supersymmetry constraints impose a mixing 
(or coupling) between different fermionic sectors 
in 'k. However, the present situation is rather 
different form the one in Friedmann-Robertson- 
Walker (FRW) models in A^ = 1 supergravity, 
when only scalar fields and fermionic partners 
are present (cf. ref. (^). There is a particular 
mixing in this case as well but only within each 
fermionic level (say, second order in fermionic 
terms in tk) and decoupled from other Lorentz 
invariant fermionic sectors with different order. 


In the present case, the mixing of fermionic sec¬ 
tors is between fermionic sectors of the same and 
any different adjacent order. 

It is tempting to see the relation between (sim- 


bolical) gradient terms such as with ^ 
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a3'2 


and 


a'i'9 

dai 




(from S'^^), like 


others pointed out above, as a consequence of 
N = 2 supergravity [Q, which realizes Einstein’s 
dream of unifying gravity with electromagnetism. 
These relations establish a kind of duality between 
the bosonic coefficients in fermionic sectors of ad¬ 
jacent order relatively to derivatives with respect 
to gravitational and Maxwell degrees of freedom 
(a^> • These derivatives are intertwined on 

an equal ground as far as d/ (and its bosonic co¬ 
efficients) are concerned. 

One physical consequence of considering 0(2) 
local invariance, in spite of the additional diffi¬ 
culties caused now by cosmological constant and 
gravitinos mass-terms is to allow us to ex¬ 

tract some information concerning the form of the 
wave function. From a somewhat simplified adap¬ 
tation of the method outlined in ref. H. we will 
get 
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where and 

—(a^ -ira2+a^) + {aia2+a2a3+a3ai ) AiFjk (14) 

A4g-(“i+“2+“3) + (“i“2-“2“3-a3ai)ge’-’*‘^tT)fc (15 j 

could exist in the 8 -fermion sector, half for each 
gravitino type (see also ref. 11-00 and refer¬ 
ences therein). 


3. Reissner-Nordstrom Black Holes 


[Research work outlined in this 
section is currently in progress and 
some in colaboration with Jarmo Makela] 

The canonical quantization of Reissner- 
Nordstrom black holes in N=2 supergravity was 
motivated by previous research on: (i) canonical 
quantization of black holes in general relativity 
0 ]“l 0 li quantization of minisuperspaces in 
N=1 and N=2 supergravity 0; (Hi) Analisys of 
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(classical) black hole solutions in N=2 and N=4 
supergravity 

A possible approach would be to take for the 
tetrad ||l^ , |l^ 

/ -N{t,r) 0 0 0 \ 

AN''{t,r) A(t,r) 0 0 

0 0 R{t,r) 0 

\ 0 0 0 RsinO 

while for the Maxwell and gravitino fields we 
could use 


^ ($(t,r),r(t,r), 

Ag - Ag{t,r)f{e,(j)), 

A^ ~ A^{t,r)f{e,(j))^ , (16) 

^{a)A ^ (V’o^(“)(t,r),V'.^(“)(t,r), 

~ , (17) 


where the functions g{9,(j)), f{9,(j)), 

g{9, cj)) are still to be identihed. 

The supersymmetry quantum constraints will 
then have the formal expression 
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together with its Hermitian conjugate while the 
gauge (Gauss) constraint is 
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From the term ^F^^eAA'i[A, R\djil}^^°'^ in the su¬ 
persymmetry constraint it seems that that solu¬ 
tions could only be possible on the fermion sector 
with infinite number modes (see ref. | p^ and also 

0 )- 

However, the use of a spherically symmet¬ 
ric spacetime metric in the study of Reissner- 
Nordstrom black holes in N=2 supergravity might 
be too restrictive. In fact, the black-hole met¬ 
ric obtained in |p^ is not spheriacally symmetric. 
This (classical) black hole solution in N=2 super¬ 
gravity is a Grassmann-algebra-valued field which 
can be decomposed into a “body” (or component 
along unity) which takes value in the range of real 
or complex numbers and a “soul” which is nilpo- 
tent. The “body” of the solution in is spher¬ 
ically symmetric but the the “soul” (and hence 
the all metric solution) is not. Maybe one should 
include then the Ng and iV^ components of the 
shift vector. 

Nevertheless, a far more attractive scenario 


would be to follow K. Kuchar approach |14 
within the context present in [ p^ . In fact, we 
could aim in solving the constraints and, upon 
adequate boundary conditions, retrieve a finite- 
dimensional supersymmetric mechanical system 
and subsequently proceed with its quantization. 


4. Conclusions and Outlook 


Summarizing, we applied the theory of iV = 2 
supergravity to quantum Bianchi class-A mod¬ 
els and outlined its practice towards quantum 
Reissner-Nordstrom black holes. We found out 
that the presence of Maxwell held terms in the 
supersymmetry constraints, will produce a mix¬ 
ing between different Lorentz invariant fermionic 
sectors in the wave function of the universe. 

Semi-classically, the constraints can be solved 
for the Bianchi class-A case and the WKB wave 
function has the form of the exponential of the 
N = 2 supersymmetric extended Chern-Simons 
functional. 
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The main motivation to study black holes from 
the point of view of canonical quantization is to go 
beyond a semi-classical description based in quan¬ 
tum fields in curved space-time. The Reissner- 
Nordstrom black-hole is an important case to 
address. It corresponds to a charged black-hole 
and for a specific combination of its mass and 
charge, it is shown that its temperature is zero. 
These extreme cases hold important supersymme¬ 
try properties, which are related to other issues 
like naked singularities and (in N = 2 supergrav¬ 
ity) a Bogolmony bound for the black hole mass 
|l6| . Our objectives are to study and analyse 
these features directly from a canonical quantiza¬ 
tion point of view and possibly infer more about 
the supersymmetry and thermodynamical prop¬ 
erties of the (extreme) Reissner-Nordstrom black- 
holes, their entropy and the problem of time. 
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